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BOUNDING THE HOMOLOGICAL FINITENESS LENGTH
GIOVANNI GANDINI
Abstract. We give a criterion for bounding the homological finiteness length
of certain HF-groups. This is used in two distinct contexts. Firstly, the
homological finiteness length of a non-uniform lattice on a locally finite n-
dimensional contractible CW-complex is less than n. In dimension two it
solves a conjecture of Farb, Hruska and Thomas. As another corollary, we ob-
tain an upper bound for the homological finiteness length of arithmetic groups
over function fields. This gives an easier proof of a result of Bux and Wortman
that solved a long-standing conjecture. Secondly, the criterion is applied to in-
teger polynomial points of simple groups over number fields, obtaining bounds
established in earlier works of Bux, Mohammadi and Wortman, as well as new
bounds. Moreover, this verifes a conjecture of Mohammadi and Wortman.
1. introduction
In 1984, Brown and Geoghegan showed that Thompson’s group F is of type F8
giving the first example of a torsion-free group of type F8 of infinite cohomological
dimension. In 1993 Kropholler introduced the class HF of hierarchically decom-
posable groups and proved that torsion-free HF-groups of type FP8 have finite
cohomological dimension [15]. Hence, pathological examples like the group F can-
not live inside HF. The class HF is defined as the smallest class of groups containing
the class of finite groups and which contains a group G whenever there is an ad-
missible action of G on a finite-dimensional contractible CW-complex for which all
isotropy groups already belong to HF. Note that the class HF is very large and
there are only a few groups which are known to lie outside HF [15, 1, 13].
The homological finiteness length φpGq of a group G is a generalisation of the
concepts of finite generability and finite presentability. The main result of this
paper is a bound for the homological finiteness length of certain HF-groups:
Theorem. Let G be an HF-group that acts on an n-dimensional contractible CW-
complex with stabilisers of type FP8. If G has no bound on the orders of its finite
subgroups or it has infinite Bredon geometric dimension, then φpGq ă n.
Suppose now that X is a locally finite contractible finite-dimensional CW-complex.
The topology of uniform convergence on compact subsets of X turns AutpXq into
a locally compact group. Every lattice (see Section 3) on X lies in HF and we are
able to apply the Theorem to the non-uniform ones. The S-arithmetic subgroups
of non-commutative almost absolutely simple isotropic algebraic groups over global
function fields are important examples of non-uniform lattices. An upper bound for
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φpΓq in this case is given in [11]. Our result provides the same bound as a corollary
and we are able to prove a slightly strengthened version of a conjecture of Farb,
Hruska, and Thomas [12, Conjecture 35].
Bux, Mohammadi and Wortman investigated the homological finiteness length of
SL2pZrt, t
´1sq, SLnpZrtsq and more generally integer polynomial points of simple
groups over number fields [11, 9, 19]. These groups act on finite-dimensional con-
tractible CW-complexes with arithmetic stabilisers. Note that a group lies in HF
whenever it acts admissibly on a finite-dimensional contractible cell-complex with
HF-stabilisers. Hence the groups considered by Bux, Mohammadi and Wortman
lie in HF and we can apply our theorem also in this context. In particular we
give the same bounds obtained in [11, 9, 19] and solve in positive a conjecture of
Mohammadi and Wortman [19].
Acknowledgements. The author would like to thank Kai–Uwe Bux, StefanWitzel
and Kevin Wortman for the interesting discussions and comments without which
this note would not be possible. Moreover, the author is grateful to his Ph.D.
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2. Finiteness properties
A group G is of type FPn if the trivial ZG-module Z admits a resolution of finitely
generated projective ZG-modules up to dimension n. If G is of type FPn for every
n ě 0, then G is said to be of type FP8. A group is of type Fn if it admits a
KpG, 1q with finite n-skeleton, and G is of type F8 if it is of type Fn for every
n ě 0. For a group, being finitely generated is equivalent to being of type FP1. A
group is finitely presented if and only if it is of type F2. Bestvina and Brady show
the existence of non-finitely presented groups of type FP2 [3].
The homological finiteness length of G is defined as
φpGq “ suptm|G is of type FPm}.
A group acts admissibly on a CW-complex X if the set-wise stabiliser of each cell
coincides with its point-wise stabiliser. A CW-complex X is a G-CW-complex if G
acts admissibly on X .
Kropholler’s class HX admits a hierarchy defined as follows. A group G belongs
to H1X if there exists a finite-dimensional contractible G-CW-complex X with cell
stabilisers in X. The class HαX is defined by transfinite recursion:
‚ H0X “ X;
‚ if α is a successor ordinal then HαX “ H1pHα´1Xq;
‚ if α is a limit ordinal then HαX “
Ť
βăα HβX.
The operator H is defined by “G belongs to HX if and only if G belongs to HαX for
some ordinal α”.
The next lemma is a well-known criterion for finiteness that follows from [7, Theo-
rem 2.2].
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Lemma 2.1 ([7]). Let G be a group that acts on an n-dimensional contractible
CW-complex with stabilisers of type FP8. Then, G is of type FP8 if and only if it
is of type FPn.
The next result, due to Kropholler and Mislin, is the main ingredient in the proof
of the Theorem.
Theorem 2.2 ([15, 16]). Every HF-group of type FP8 has a bound on the orders
of its finite subgroups and admits a finite-dimensional classifying space for proper
actions.
The Bredon geometric dimension of a group G is the minimal dimension of a clas-
sifying space for proper actions EG. Note that for a torsion-free group the Bredon
geometric dimension coincides with the geometric dimension.
Proof (of Theorem). By an application of Theorem 2.2 we obtain that G is not of
type FP8. Now we apply Lemma 2.1 to conclude that G is not of type FPn. 
3. Non-uniform lattices on locally finite contractible cell
complexes
A subgroup Γ of a locally compact topological group G with left-invariant Haar
measure µ is a lattice if:
‚ Γ is discrete, and
‚ µpΓzGq ă 8.
A lattice Γ is said to be uniform if Γ zG is compact. Let X be a locally finite
contractible finite-dimensional CW-complex and let AutpXq be its full group of
admissible automorphims. Note that every subgroup G ď AutpXq acts admissibly
on the barycentric subdivision of X . Moreover, AutpXq is locally compact and so it
is reasonable to talk about lattices on locally finite contractible finite-dimensional
CW-complexes.
Lemma 3.1 ([2], Corollary 1.7). Let X be a locally finite contractible finite di-
mensional CW-complex with vertex set V pXq. If Γ is a subgroup of G “ AutpXq,
then:
‚ Γ is discrete if and only if the stabiliser Γx is finite for each x P V pXq;
‚ µpΓ zGq ă 8 if and only if
ř
σPΓ zX
1
|Γσ˜ |
ă 8, where σ “ rσ˜s. Moreover,
the Haar measure µ can be normalised in such a way that for every discrete
Γ ď G, µpΓ zGq “
ř
σPΓ zX
1
|Γσ˜ |
.
Theorem 3.2. If Γ is a non-uniform lattice on a locally finite contractible CW-
complex of dimension n, then φpΓq ă n.
Proof. Let Γ be a non-uniform lattice on a locally finite contractible CW-complex
X of dimension n. By Lemma 3.1 µpΓ zAutpXqq “
ř
σPΓ zX
1
|Γσ˜ |
. Since Γ is non-
uniform, the set Γ zX is infinite and so for any m there is some σ P Γ zX such that
1
|Γσ˜ |
ă 1
m
. Therefore, there is no bound on the orders of the stabilisers (which
are finite), and so there is no bound on the orders of the finite subgroups of Γ.
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Since Γ P H1F an application of the Theorem gives the result. Alternatively this
final step can be achieved by noticing that the rational cohomological dimension
of Γ is at most n and applying [15, Proposition] and Lemma 2.1 or directly by [18,
Proposition 1]. 
A first immediate application of Theorem 3.2 is a classical result [2, Pg. 32].
Corollary 3.3. If X is a tree, then every non-uniform lattice in AutpXq is not
finitely generated. More generally, if Γ is a non-uniform lattice on a product of n
trees, then φpΓq ă n.
Suppose now that X is a locally finite CATp0q polyhedral complex [12], since every
CATp0q space is contractible [6, Corollary II. 1.5] we obtain the following:
Corollary 3.4. If Γ is a non-uniform lattice on a locally finite CATp0q polyhedral
complex of dimension n, then φpΓq ă n.
Remark 3.5. If a group G acts on a CW-complex X with finite stabilisers and X
admits a compatible CATp0q-metric, then X is a model for EG [5, Proposition 3].
Corollary 3.6. A non-uniform lattice on a locally finite 2-dimensional contractible
CW-complex cannot be finitely presented.
The above solves a conjecture of Farb, Hruska, and Thomas [12, Conjecture 35].
As a final corollary to Theorem 3.2 we obtain the main result of [11]. We start by
recalling some standard nomenclature. Let K be a global function field, and S be a
finite non-empty set of pairwise inequivalent valuations on K. Let OS ď K be the
ring of S-integers. Denote a reductive K-group by G. Given a valuation v of K,
Kv is the completion of K with respect to v. If L{K is a field extension, the L-rank
of G, rankLG is the dimension of a maximal L-split torus of G. The K-group G
is L-isotropic if rankLG ‰ 0. As in [11], to any K-group G, there is associated a
non-negative integer kpG, Sq “
ř
vPS rankKv G.
Corollary 3.7 (Theorem 1.2, [11]). Let H be a connected non-commutative abso-
lutely almost simple K-isotropic K-group. Then φpHpOSqq ď kpH, Sq ´ 1.
Proof. LetH be a connected non-commutative absolutely almost simpleK-isotropic
K-group. Let H be
ś
vPS HpKvq, there is a kpH, Sq-dimensional Euclidean build-
ing X associated to H . X is a locally finite CATp0q polyhedral complex. The
arithmetic group HpOSq becomes a lattice of H via the diagonal embedding since
HpOSq has finite covolume by [14, pg. 41]. Moreover, H is K-isotropic if and only
if HpOSq is non-uniform by [14, Corollary 2.2.7]. An application of Theorem 3.2
completes the proof. 
Remark 3.8. Theorem 3.2 gives the upper bound on the homological finiteness
length of arithmetic groups over function fields, a historical overview can be found
in [11]. In a recent remarkable paper [8] Bux, Gramlich and Witzel showed that
φpHpOSqq “ kpH, Sq ´ 1. Calculating the homological finiteness length of non-
uniform lattices on CATp0q polyhedral complexes is an ambitious open problem.
We conclude by mentioning that Thomas and Wortman exhibit examples of non-
finitely generated non-uniform lattices on regular right-angled buildings [21]. This
BOUNDING THE HOMOLOGICAL FINITENESS LENGTH 5
shows that the upper bound of Theorem 3.2 is not sharp and in particular, that the
Theorem of Bux, Gramlich and Witzel does not hold for all non-uniform lattices
on locally finite CATp0q polyhedral complexes.
4. Actions on non-locally finite buildings
Corollary 4.1. The following bounds hold:
(1) The group SLnpZrtsq is not of type FPn´1
(2) The group SLnpZrt, t
´1sq is not of type FP2pn´1q
(3) Let K be a number field and let OK be its ring of integers. Let H be
a connected, noncommutative, absolutely almost simple algebraic K-group
whose K-rank equals k. Then HpOKrtsq is not of type FPk.
Proof. The group SLnpZrtsq acts on a pn ´ 1q-dimensional Bruhat-Tits building
X . By [9, Lemma 2] the SLnpZrtsq stabilisers of cells in X are arithmetic groups.
Arithmetic groups are of type VF by [4, Theorem 9.3]. By a construction of Serre
every group of type VF has finite Bredon geometric dimension [20] and is of type
F8. In particular, arithmetic groups lie in H1F and so SLnpZrtsq P H2F. It is clear
that SLnpZrtsq contains a free-abelian group of infinite countable rank, therefore the
Bredon geometric dimension of SLnpZrtsq is infinite. An application of Theorem 3.2
gives part p1q. It remains to prove part p2q and part p3q. Arguing as in [10, Section
3] it is possible to show that the SLnpZrt, t
1sq stabilisers of cells in the 2pn ´ 1q-
dimensional Bruhat-Tits building are arithmetic groups as remarked at the end of
[10, Section 4]. In the proof of [19, Lemma 2] the authors show that the HpOKrtsq
stabilisers of cells in the k-dimensional Bruhat-Tits building are arithmetic groups.
In their proof there is no need to assume that the K-rank of H equals 2. Now
proceed as in part p1q to obtain the desired bounds. 
Remark 4.2. Part p1q was originally shown by Bux, Mohammadi and Wortman
in [9]. Part p2q for n “ 2 follows from a result of Krstic´ and McCool [17] and
an alternative geometric proof is given by Bux and Wortman [10]. In the case of
K-rank equals 2 part p3q was proved by Mohammadi and Wortman in [19]. In the
same work they conjecture the validity of part p3q for higher ranks.
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